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FINITE ELEMENT ANALYSIS
OF LOW SPEED VISCOUS AND INVISCID
AERODYNAMIC FLOWS

By

A.J. Baker and P.D. Manhardt

Computational Mechanics Consultants

Knoxville, TN 37920

SUMMARY

A weak-interaction solution algorithm is established for predicting
aerodynamic flow about isolated elementary airfoils. The procedure employs
finite element numerical methodology applied to solution of the partial
differential equations governing isentropic potential flow, and the viscous
and turbulent boundary layer and wake flows downstream of the sharp trailing
edge, Iteration within the algorithm accounts for computed viscous displace-
ment effects on the potential flow, the modifications to which in turn alter
the viscous flow computations through imposed freestream pressure gradients.
Closure for turbulence phenomena is accomplished using both first and second
order models.

The COMOC finite element fluid mechanics computer program was modified
to sequentially solve the identified equation systems for two-dimensional
flows. A comprehensive numerical experimentation program was completed to
determine factors affecting solution accuracy, convergence and stability for
the combined potential, boundary layer, and parabolic Navier-Stokes equation
systems. Good accuracy and convergence are demonstrated for potential flow
prediction, including angle of attack and a curved wake trajectory. An eco-
nomically accurate discretization procedure is identified for turbulent
boundary layer computations which provides adequate sub-layer definition
coupled with good solution speed. The parabolic Navier-Stokes equations,
with turbulence kinetic energy closure are shown to accurately predict near-
wake turbulent mixing processes for dissimilar turbulent boundary layer merg-
ing downstream of the trailing edge. Each of these solutions is obtained
within the identical finite element framework of COMOC. In combination, with
iteration through a sequential solution, the algorithm can establish an accu-
rate and stable procedure for analytical characterization of complete fiow-
fields about practical elementary airfoil configurations. The results of
this evaluation, which document existence of a potentially viable supplement
to wind tunnel testing, are presented in this report.



INTRODUCTION

Aerodynamics is a unique branch within engineering fluid mechanics.
Elsewhere, the non-linearity introduced by the convective acceleration
term in the Euler or Navier-Stokes equations precludes closed-form solutions
in all but the most elementary cases. In aerodynamics however, for all Tow
Mach number flight and slender bodies up to transonic Mach number, the differ-
ential equation governing isentropic flows is the familiar Tinear elliptic
Laplacian. As a result, potential flow aerodynamics developed rapidly and
became a classic study in engineering mechanics (cf., ref. 1). Concurrently,
it was equally well recognized that potential flow analysis is only a first
approximation, with the major limitation being primarily neglect of viscous
and wake effects. Furthermore, accurate determinations for high performance
1ift systems, including Teading edge slats and trailing edge slotted flaps,
is well beyond the elementary analysis, with the result that the wind tunnel
has been universally employed to accomplish design optimization.

The advent and ready accessibility of the large scale digital computer
in the mid-1960's, and the phenomenal growth in its operating capabilities
since then, initiated an entirely new approach to aerodynamics analysis.
While the "computational wind tunnel" may still be a distant vision (cf.,
ref. 2), the use of numerical solution of the governing differential equations
has emerged as a viable alternative to exhaustive experimentation in some
cases. For example, a broad class in potential flow is now amenable to
solution using numerical techniques to evaluate the singularity distributions
imbedded within the Green's function analytical solution of the governing
Laplacian equation. Specific elementary flow singularity functions, e.g.,
source, sink, vortex, doublet, etc., are combined to mathematically model
thickness, 1ift, and the flow tangency boundary condition. Hess and Smith
were among the pioneers in the development of the concept and its early re-
duction to practice (e.g., ref. 3). Refinements have extended applicability
to supersonic flight as well. The proceedings of two recent conferences,
held at NASA Langley Research Center (ref. 4,5), document the tremendous growth
in this area and the versatility and utility of the concept.

However, as mentioned, potential flow determination is only a first
approximation to the solution and must be corrected for viscous effects. The
concept of the weak-interaction solution algorithm assumes that viscous (and
turbulent) flow effects can be included by determination and use of an"effec-
tive" inviscid shape. These corrections are established by determination of
the boundary layer character, and everywhere augmenting the airfoil thickness
by the computed distribution of boundary layer displacement thickness. The
elementary integral form of the boundary layer equation is typically utilized
(ref. 6), with an experimental correlation function for shape factor. This
concept has proven quite useful for elementary two-dimensional airfoils at
modest angles of attack, and has been extended to analysis of high 1ift sub-
sonic airfoil systems including an accounting for merged slot flows (ref. 7).
However, since the viscous flow methods are elementary, at best, there exists
ample area for improvement of the accuracy of the analysis. In particular,
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as noted by Morgan (ref. 4, p. 730), the state-of-the-art, viscous-augmented
potential flow solutions are amenable to improvement in determination of
profile drag from downstream wake characteristics, flow characteristics after
boundary layer separation;and pressure corrections in slot areas between over-
lapping elements of multi-element airfoils. In each case, the improvement
required is in the handling of the viscous flows associated with practical
airfoil configurations. Equally important is improving the stability of the
pot$ntia1 flow algorithm when viscous corrections are included in an iterative
analysis.

The mission of the present study was to examine the viability of the
finite element numerical solution technique applied to the differential equa-
tion systems governing weak-interaction theory in low speed aerodynamics.’
Initial impetus was provided by the observation that the finite element algo-
rithm is equally applicable to the potential flow and the turbulent boundary
layer and wake flow governing differential equations. Furthermore, since
finite element methodology is very flexible regarding discretization non-
uniformity and gradient boundary condition specification on arbitrarily orien-
ted (curved) surfaces, it appeared intrinsicly well suited to the aerodynamics
problem class. In particular, since the flow tangency boundary condition can
be applied directly on the "effective" inviscid contour, including the wake
contour predicted by a complete viscous and turbulent flow solution, it
appeared that iterative stability should be acceptable within the limits of
validity of weak-interaction theory.

The results of this study, as generated using the COMOC finite element
computer program, are reported herein. Although ample results on numerical
experimentation have been reported on finite element solution for Tinear
potential flows (ref. 8,9), including airfoil configurations (ref. 10-15), a
detailed analysis of the aerodynamic accuracy has not been documented. Factors
affecting solution accuracy, including use of highly non-uniform computational
meshes, and reduction of finite element results to equivalent pressure dis-
tributions, have been thoroughly evaluated. The capability to automatically
generate required discretizations and efficiently cycle through angle of
attack are now documented. Finite element solution of the attached viscous
and turbulent flows and the wake flow downstream of a sharp trailing edge
of an airfoil have not been previously reported. This combination constitutes
the weak-interaction problem and is sketched in Figure 1. The complete viscous
flow equations governing these additional regimes in aerodynamics are developed,
including models for both elementary and higher-order closure for turbulence
phenomena. Numerical solutions as generated by COMOC, document an acceptable
accuracy attainable with a minimum fineness discretization that is highly non-
uniform for both boundary layer and elementary wake flows. The combination
of these solution capabilities, existent within a single general purpose com-
puter program, is then indicated to provide a convergent weak-interaction
solution algorithm for a representative jsolated two-dimensional airfoil
configuration.
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Fig. 1. Representation of the Weak-Interaction Solution
Domain for Subsonic Flow

SYMBOLS

boundary condition coefficient
Van Driest damping function; constant
body force
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coefficient; chord

drag coefficient

skin friction coefficient

1ift coefficient

differential

finite element solution energy
function of known argument

Froude Number
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v,V

metric coefficient;:mesh parameter

boundary layer shape factor

thermal conductivity; turbulence kinetic energy
generalized diffusion coefficient

differential operator; length scale

differential operator; length

finite element index

Mach number; number of finite elements spanning R
unit normal vector; nodes per element; dimensionality
pressure; generalized parameter; convergence parameter
Prandtl number |

generalized dependent variable

generalized discretized dependent variable

universal gas constant; domain of elliptic differential operator
Reynolds number

coordinate tangent to curve

finite element assembly operator

time

temperature

velocity vector

reference velocity

friction ve1ocfty

scale velocity

molecular weight

Cartesian coordinate system
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friction velocity Reynolds number
ang]é of attack; parameter

ratio of specific heats

. circulation

closure of solution domain R

Kronecker delta; boundary layer thickness
boundary Tayer displacement thickness
increment

turbulence dissipation function; thickness
boundary layer momentum thickness
transformed coordinate

transformed coordinate

Karman coefficient (MLT)

multiplier; turbulence sublayer constant;
dynamic viscosity

kinematic viscosity -

density

mean flow Stokes stress tensor

Reynolds stress tensor; wall shear;
integration kernel

perturbation potential function; finite element functional
total potential function;

generalized initial-value eoordinate

turbulence damping factor

global solution domain



Superscripts:

e effective value

T matrix transpose

+ turbulence correlation function
~ mass-weighted time-average

- time averaged

unit vector

mass-weighted fluctuating component; ordinary derivative

* approximation

Subscripts:

o global reference condition

e freestream reference condition

i,j.ks2 tensor indices

- non-tensor index

m finite element domain

n normal

0 initial condition; stagnation reference
t time derivative; turbulent; tangential
W wall reference condition

Notation:

{1} column matrix

[] square matrix

U unjon

N intersection

£ belongs to



THE FIELD EQUATIONS IN AERODYNAMICS

The description of-a state point in multi-dimensional aerodynamics is
contained within the so]ut1on of a coup]ed nonlinear part1a1 d1fferent1a1

2 Ao mialbh® e mm Azt T A -~ mama s diine atmAd  anataas U.n.ique

equatlun bybl.('.‘lll aescr IUIlIg conservation U1 nass>, IlIUlII!:.'IlLUlIl, cllIU eneryy.
solutions are obtained upon closure of the system by specification of consti-
tutive behavior and boundary conditions. In Cartesian tensor notation, the
conservation form of the governing Navier-Stokes equation system is

- 9p 9 =
L(p) = 3 T EYJT(DUJ') =0 (1)
_ 9 d -
L(puj) = sTﬁpuj) + 5?3{?“1UJ + pai 01JJ + pb1 =0 (2)
L(oH) = 2oH) + 5o{ousH - o, u; + ;] - &= 0 (3
5t 3 P41 gt 9] - e )

The dependent variables in equations (1)-(3) have their usual interpre-
tation in fluid mechanics where p is mass density, u; is the velocity vector,

p is the static pressure, b is the applicable body force, and H is the
stagnation enthalpv. For a single species fluid,

- 1
H = fcpdT + ?ujuj (4)

where Cp is specific heat and T is static temperature. Furthermore, a3 is the
heat flux vector and Gij is the Stokes stress tensor, defined as

95 = _kax. (5)
ou., du. du
Os:: = u[—%—+ —4% - gE——KG.. (5)
i

In eaquations (5)-(6), k is the thermal conductivity and u is the dynamic
viscosity. An equation of state closes the definition; for example, for a
perfect gas

p = pRWIT (7)



where R is the universal gas constant and W is the molecular weight.

The important non-dimensional parameters in aerodynamics are:

qnumz

Reynolds Number: Re = 4 (8)
Cpu

Prandtl Number: Pr = —%— (9)
Uy

Mach Number: Mo = = (10)
L2

Froude Number: Fr E-?E (11)

In equations (8) and (11), & is a scale length of the problem and c is the
isentropic sound speed. In non-dimensional form, the Navier-Stokes system
becomes

Lo) =32+ 2 (ou;) =0 (12)

L(pui)

3 3 - -
§E(pui) + sig[éu-u- + pGij ~ Re 1013} + Fr lpbi =0 (13)

. ijri X
J ZEE J_ (14)
(v 1)Mcoat =0
Equations (12)-(14) form the basic system governing all classes of aero-

dynamic flows. Their straightforward solution represents a formidable task,
and is not required for many flows of practical interest. The primary reauire-
ment is to determine the pressure distribution produced by flow about an aero-
dymanic shape, and to evaluate the resultant induced pressure and viscous
drag forces. The concept of weak-interaction assumes existence of a conver-
gent iteration procedure between a potential flow determination about the -
effective inviscid airfoil shape, and a viscous and turbulent flow sdlution
in the immediate vicinity of the airfoil and in the wake. The weak-inter-
action hypothesis is usefully valid at modest angles of attack, wherein the
viscous flow is parabolic, i.e., the governing equation$ obey a generalized
boundary layer order-of-magnitude simplification. In this instance, the
inviscid solution pressure distribution can be applied unaltered to the viscous
flow solution. In turn, the displacement surface shape of the latter determines

L(pH) = ;—t(pH) + %{pujH - (y- 1)M°2°Re-1 o.:u; - RePrly oH




the effective inviscid airfoil contour, and thus modifies the computed in-
viscid pressure distribution. For these flows, the iteration between in-
viscid and viscous flows should converge to a unique solution. The remainder
of this section develops the various required governing differential equation
systems including closure for turbulence.

Aerodynamic Potential Flow

The Navier-Stokes eauations {12)-(14) are simplified to describe the
steady, isentopic irrotational flow of an dinviscid fluid. The Stokesstress
tensor oy vanishes identically, and H equal to a constant is the solution
to equation (14). The potential flow description is then

L(p) = ge{ou) = 0 (15)
J
.3 }
L(puj) = 5?3{?”1“j + paijJ =0 (16)

These (four) equations can be usefully combined into a single equation using
the definition of isentropic sound speed

¢ = [g_g]s (17)

Expanding equation (15) and replacing the resultant density derivative with
equation (17) yields

) auj

For isoenergetic flow, where subscript zero indicates the stagnation reference
state

Equation (18) is a highly non-linear, first-order partial differential
equation valid for all Mach numbers. As a function of M, it can display
elliptic, parabolic and/or hyperbolic differential character. The class of

interest corresponds to an irrotational (or rotation preserving) velocity
fields ~ Since the curl thus vanishes to within an arbitrary constant

10




e

. = - (20)

where & is termed the velocity (total) potential function. By direct substi-
tution, equation (18) becomes
-5 30 30 5%
L(s) = [a 2
X ijjaxiaxj

-c =0 (21)

ij

Equation (21), a second-order partial differential equation, preserves
the mixed differential character cited previously. For subsonic flow at small
Mach number, equation (21) simplifies to the elementary linear Laplacian

520

L(e) = 3% =0 (22)

Boundary condition specification for equations (21) and (22) requires
enforcement of flow tangency to given coordinate surfaces. Assuming nj the
unit outward pointing surface normal vector, this boundary constraint becomes
(from equation (20))

n = =..&A
usn; = U, axj"j (23)

Note that U vanishing identically enforces flow tangency. In the instance
of small Mach number equations (22)-(23) represent the classic von Neumann
specification for an elliptic differential equation. A unique solution is
obtained by setting & equal to an arbitrary constant at one point in space.

While total potential has been evaluated in finite element 1iterature,
the alternative perturbation function definition is common to aerodynamics
and has been determined preferable for the finite element approach as well.
Herein, the velocity field is referenced to the undisturbed freestream as

u. = U [éj - —QLCl (24)

5%,
X3

where Ej is the freestream flow unit vector related in an elementary manner
to angle of attack. Substituting equation (24) into (18) and dividing by
the freestream sound speed

= - m2a.a _1yM2s [ B89 _ 13¢ 8¢)
L(#) = 18;5 ~ MEE; + (v I)Mmaij{skaxk 2 3%, 3%
3 3 _ 3¢ 39| _23% (25)
" MZ[e. v g, 20 _ = 0
| =f axj 3 3x; X axji] axiaxj

11



Equation (19) has been referenced to freestream.

2 =2, (y-1) 2[o2 8¢ _ 3¢ 3¢
c Co T 5 Uml:Zej X T ax.] (26)
J J
Sufficiently remote from the airfoil, since u; = Ung , the appropriate

freestream boundary condition is ¢ a constant. However, the Kutta condition
for angle of attack modifies the interpretation to allow a jump in ¢ across
the wake trajectory. Hence, the farfield constraint valid for all cases is

84 =
3X1.ni 0 (27)

where n; is the outward-pointing unit normal vector. At the effective in-
viscid-Flow surface of the airfoil, since ujnj. vanishes identically, the
boundary condition on ¢ is

ETIP YO
axj n, e;i (28)

Hence, angle of attack and local airfoil contour (unit normal) are applied
directly as a boundary condition.

Equations (25)-(28) are valid for all Mach number and display the mixed
differential behavior. The slender body approximation can significantly
simplify equation (25) by the neglect of all products in perturbation velocity
and the assumption that éj is aligned with a principal coordinate, say x,
i.e.,

8. = &, (29)

gl
Equation (25) then takes the form

= - M2 _ 2 BQ
(o) [61‘3 Ma8ia8yn * (v - TMagi- 8y (
30)
2(s. 3¢ 9| _d%
+ Mw(ail ij + ﬁjl axi] axiaxj 0

In expanded form for two-dimensional flow, equation (30) is

2
L(¢) = [1 - M2+ (y+ ”Mia%ﬂa_%
1 Bx1

2 2

230 97¢ _ 290|909 _

+ oMo 20y [1 + (v l)Mw%ﬁ 0 (31)
2 0Xq3%y 1 3%

12



which is recognized as the complete small disturbance equation (cf., ref. 1g).
For most flow velocities below transonic, equation (30) or (31) can be line-
arized by retention of only (1-M2) on the lead term. The Prandtl-Glauert
(ref. 1 ) coordinate transformation can then be employed to eliminate ex-
plicit appearance of M, Hence, for all subsonic flows about slender bodies
equation (30) becomes the Laplacian, i.e.,

2
L(¢) = 522 =0 (32)
1 1

As mentioned, the desired output from the potential flow solution is
the pressure distribution over the effective airfoil surface and onto the
viscous trailing edge wake. The pressure coefficient is

pU; U,
Substituting equation (24) yields

2 9% o _ 3 3¢
Cp axJ J axj axj (34)

Evaluation of equation (34) is facilitated by resolution of the vector
field into scalar components locally parallel and perpendicular to the
effective airfoil surface. Letting t; denote the unit tangent vector, and
(n,s) the corresponding surface-orientéd coordinate system,

9 _ 394 39 2
9X . an nJ * 3s tj
J (35)

The last form was obtained using equatlon (28). Substituting equation (35)
into (34) yields

= (2.7.)2 9~ 2 _ 303
Co = (&5f,)% + 25ce,t, - S0 (36)

Recall that éj is the constant unit vector for U, the remaining terms in
equation (26) are all a function of the surface coordinate s.

13



The decomposition in equation (35) has yielded Cj in a form directly dependent
upon airfoil geometry. Hence, A. and t; are potentially available to any
required degree of accuracy. 111 evo?ve, the finite element solution for
distribution of ¢(s) is a d1rect computational result for the zero normal wash
boundary condition equat1on (28). Only these surface values are required to
evaluate equation (36), using for example, spline interpolation techniques to
establish the required tangent slope distribution.

Aerodynamic Viscous Flows

The complete Navier-Stokes system equations (12)-(14), is required to
adequately describe general viscous flowfields including regions of recircula-
tion. For small angle of attack, such that the viscous flow remains attached
to the airfoil surface, the considerable simplication of boundary layer theory
(e.g., ref. 6 ) is appropriate. These equations in general are an insuffi-
cient description for the viscous wake flow downstream of the trailing edge
terminus however, wherein the parabolic Navier-Stokes equations are required
( at least ). The boundary layer equations are a sub-set of the parabolic
system, the establishment of which is readily accomplished.

The three-dimensional "parabolic Navier-Stokes" (3DPNS) equations des-
cribe the steady time-averaged confined or unbounded viscous and turbulent
flow of a compressible, nonisoenergetic fluid wherein:

(1) A predominant mean flow direction is uniformly discernible,

(2) 1In this direction (only) diffusion processes are negligible
compared to convection, and,

(3) No significant flowfield disturbances are propagated upstream
against the predominant flow direction.

To establish the system, assume the Reynolds decomposition of the instantaneous
velocity vector_uj , equation (2), into a steady mean flow u; and velocity
fluctuations uj as (cf., ref. 17)

u, = U, + u; (37)

In equation (37), u; 1is interpreted as the mass-weighted, time-averaged
steady flow, i.e.,

iy
3 (38)

=2
i

14 .
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By definition, using the overbar to denote time-averaging,

t +T

- 0
pu 1 %12 TI (pu - Bﬁi)dt =0 (39)
t

The concept of time-averaging -yields the important relation

= pu U; + puiu (40)

J J J

For the isoenergetic steady flows of present interest, the time-averaged
Navier-Stokes equations for the mean flow become

i)
L(s) = e 0 (41)
pui) PU5 3% M ax L ij pu1uJ] 0 (42)

In equation (42), & js the time-averaged mean flow Stokes stress tensor,
equation (6). The sgcond term in the divergence is called the Reynolds stress
tensor, T4

Tyy = -puu F (43)

The parabolic approximation to equations (41)-(42) constrains appro-
priate summation Timits. Assuming the x; coordinate aligned with the direc-
tion of predominant flow, this approximation becomes

- ou. ou . ou
- -1 J _ 2 7Yk
Gij Re (1 - Jl) [éx * Bxi 3 axk 61%} (44)

The mean flow unidirectionality also affects retained scalar components of
the Reynolds stress, to be developed. The subscript bar notation denotes
the index is not eligible for the summation convention, but merely takes on
the value of the synonynous tensor index. In expanded form the 3DPNS system
is

L(p) = 52—1(561) + 3—2;(5&2) + %(5%) =0 (45)
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(46)

a[,,:l a[,,] al:,,]_
= =—|=pusui| - =—{-pusuz|{ - zo—|-pujui| =0
ax1 174 ax2 2_1 ax3 371

Note that equation (46) represents three scalar components. The two-dimen-
sional system, i.e., 2DPNS, is obtained by deletion of all x, partial de-
rivatives. The dependent variables of the 2D and 3DPNS equations are the
steady-flow mean velocity vector ; and pressure p . The presented

system is not closed since the scalar components of the Reynolds stress tensor
remain to be identified. This is accomplished in the following section.

Over the modest range of angle of attack in subsonic flow to which the
present analysis is restricted, both the boundary layer and wake flow diff-
erential equation systems are subsets of the 3DPNS system. For the former,

the first_and third equations in (46) are solved for Ui, and {, respectively,
as initial-boundary value statements. The mean velocity component normal to

the surface, Gz is determined from initial-value solution of equation (45)
in terms of its prescribed value at the airfoil surface. Through an order
of magnitude analysis (cf., Tennekes and Lumley, ref. 18), the y, momentum
equation can be simplified to

—~y . 9 [= ] _
L(pU,) = 5(—2—[10 - puzuz:l =0 (47)

Therefore, pressure variation through the boundary layer remains a second-
order phenomenon, and is linearly proportional to a scalar component of the
turbulence kinetic energy. Hence, to first order, the inviscid pressure dis-
tribution determined from equation (36) is applied directly to solution of the
viscous boundary layer flow. Equation (47) could be evaluated from freestream
where the pressure is known to the airfoil surface to provide a second order
correction. This same order of magnitude analysis identifies -pu UL, 2<4<3
as the dominant components of the Reynolds stress tensor. ! S

Determination of the viscous and turbulent flow in the wake downstream
of the trailing edge using the boundary layer equations is inappropriate
except for zero angle of attack and a symmetric airfoil with a cusped trailing
edge. Solutions in the immediate vicinity of a blunt trailing edge would
require the full Navier-Stokes equations. For a sharp trailing edge whereat
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non-symmetric attached viscous-flows merge, the 2D or 3DPNS system can provide
prediction of the ensuing wake. Guidance for the solution procedure comes
from available boundary conditions; initial conditions for Ui and p are pro-
vided by the individual boundary layer solutions at the trailing edge. Down-
stream, U,, U, and ~p are known as a function of x; at both freestream boun-
daries of %he wake flow. To first order and for an essentially straight tra-

jectory, p is uniform across the entire wake.  To the same order, from the

continuity equation (45), the derivative of {i, at each freestream boundary
is equal to the downstream derivative of Uu;. ~Therefore, solution for

U, from its mbmentum equation (46), as a boundary value problem is required.

Therefore, for the cited restrictions, the developed 3DPNS differential
equations (45)-(46) provide the required descriptions for the viscous aero-
dynamic flows of interest. It remains to close the system with a model for
the Reynolds stress distribution.

Turbulence Closure and Modeling

The operation of time-averaging has introduced the Reynolds stress tensor,
T4 , equation (43) into the 3DPNS equations. Using well established pro-
ceéures, e.g., reference 17, the partial differential equation system govern-
ing the behavior of the Reynolds stress tensor can be derived. Assuming the
cross-correlation of density fluctuations can be neglected, the exact partial
differential equation governing the kinematic Reynolds stress tensor, -u;uf s

is (ref. 19) J
5 8&1 BGJ
-~ - = - ~ - '. - - __ v + 0 __J
L(uiuj) Sii(uku1u3) + u3 Uy X uZup X
+ 2V EEiEEQ— + E-Egi- + EE%J (48)
Xy, 9X plOXs Xs
k" "k J i

5 au;ua D ~ -0
+ Wuiu‘juk - \)—aTk— + 5(6jku1. +61.kuJ-)

An additional differential equation for turbulence dissipation rate, &, is
required; under the assumption the process is isotropic,

3uzou;

1_J E%S..e (49)

2v
axkaxk 1]
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The transport equation for dissipation function € is (ref. 18)

. Bu dui duy azu; 2
L{e) = P (ﬁke) o2y 3. ox. Bx. 2|v ax) X

Xk k 9%g 9% 2 (50)
pu MGy mp M|
axk k ax2 Bxl o) ax_i ax1 R

Equations (48)-(50) represent seven additional partial differential
equations describing turbulence transport phenomena. This system also is
not closed, since the third order fluctuating velocity and pressure-velocity
correlations remain undefined. While additional differential equations could
be established, they in turn would involive fourth order terms. Hence, a
modeling of third order correlations is typically invoked to close the pre-
sented system. This can be established at several levels of completeness,
dependent upon dimensionality and geometrical complexity of the physical
system.

Launder et.al., (ref.19 ) develop a closure in terms of all components
of -u5u3 . They present results for several flow cases including isotropic
turbu%ence, free shear flows, elementary duct flows and flat plate boundary
layers. In earlier work, Hanjalic' and Launder (ref. 20) established a
closure applicable to thin shear flows wherein one shear component, -uju;
of the Reynolds stress tensor is retained, and solved in combination
with e and the turbulence kinetic energy, k, defined as

k ujus (51)

I
N =

The differential equation for k 1is established by contracting equation
(48) with the Kronecker delta. For the shear dominated flows of interest,
wherein U;>>0U, and U,;>>l,,

~ d -1 9k
L(k) = a—a—(uk) - Ck S(—ltkze 1 a—x-il

X509 % %
91 (52)
- uju; B e = 0
172 8x2

Equation (52) introduces the summation index convemtion 1 < i,j < 3 and
2 <k,2<3., The corresponding form for dissipation function, equation (40) is
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~ 9 -1 7= 9E
L(e) = ———{u g) - CE———-E<5 Y uZu ———]
X j Bxi i7J xj
(53)
ot
- 1 2 _21-1 =
-Clulu ek I_BX + Cce k"1 =0

L

In equations (52)-(53), the various constants C. are determined from approx-
imate analyses and/or computer optimization (ref. 19).

The next level of simplification for turbulence closure involves specifi-
cation of an effective kinematic turbulent diffusion coefficient, Vi . From

first principles (e.g., ref. 21), the form must be

=CVe (54)

where C is a constant, V is a scale velocity and & is a length. For the
turbulence kinetic energy-dissipation function, two equation closure hypo-
thesis (herein named TKE), V is taken as the square root of turbulence kinetic
energy, equation (51). A dissipation length scale, 24 , can be defined in
terms of k and € as (e.g., ref.21).

k¥2e-1 (55)

L4

The TKE closure then yields

<
n

Cvkzrs'1 (56)

Note that this is precisely the diffusion coefficient for turbulent kinetic
energy, equation (52) Furthermore, upon summing the diffusion terms 1in
equation (53), using equation (51) and assuming isotropy, equation (56) also
yields the diffusion coefficient for dissipation function.

To close the TKE systam, it is required to model the correlation between
the shear components of the Reynold's stress tensor and k., € and the mean
velocity field @ij. For two- and three-dimensional parabolic flows, the rela-
tion is typically of the form

9 -1 au au
g = Cypkie ax ax (57)
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The subscript bar indicates the index is not eligible for summation. Under
the assumption of isotropy, the elements of the correlation tensor Cj; can
be combined into C, , equation (56). FEor the unidirectional flows of
interest, partial derivatives on x2 dominate. Therefore, using equations
(56)-(57), the final form of the two-equation TKE closure is

5 5 |8 ok
Lik) = 5 {Tgk) - SQ[WWJ

J (58)
du, ol
e 1771
- VWV ¢ ¢ = 0
szaxl
D [~ 5 | v o
L(i—:) = __<3X- UJ-E) _BYQTEW
J (59)
U, du
- ocleklve L1 L 4 c2xto g
€ axz ax2 €

In equations (58)-(59), for 3DPNS, the tensor indices range 1 < 1,J <3 and

2 < ¢ < 3. For 2DPNS, correspondingly, 1 < i,j €2, 2 = 2 only. Hence, since
i = 1 corresponds to the direction of predominant flow, diffusion is restricted
to the plane transverse to the x; coordinate, as required by parabolic assump-
tion (2). The various coefficients ( Cks» Cg » Pre »etc) have been determined
from simplified analyses or computer optimization; recommended values for

shear Tayer flows are given in Table 1 (e.g., ref.19, 21 ).

Table 1

Coefficients in TKE Closure Model

Variable Equation No. Coefficients
Vi (56) C, ~ 0.09
k (58) Prk = 1.0
- 1 _ 2 _
€ (59) PrE = 1.3, CE = 1.44, CE =1.92
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Boundary condition statements are required for the TKE equations, since
they also represent initial-boundary value problems. In the freestream, the
levels of k and e must vanish by assumption of a non-turbulent free stream
flow. Since validity of the Reynolds stress hypothesis is limited to regions
where the turbulent Reynolds number is large, it is not feasible to enforce k
and e to vanish at a solid surface. The alternative is to express boundary
conditions at some small distance from the aerodynamic surface. To accom-
plish this, Prandt! mixing length theory (MLT) can be employed adjacent to
the aerodynamic surface to close the grob]em, in concert with the Van Driest
damping function distribution (ref. 17). According to equation (54), the
effective turbulent viscosity is determined by a velocity and length scale.
MLT expresses the correlation in terms of the predominant mean flow gradient
and a length scale & (ref. 6:).

- aul
\)t = w4l -3—)_(; (50)
where £ 1is the mixing Tength
-1
AS X5 > Aék71 -

The Van Driest damping function is defined as

w=1- exp(-sz'l) (62)

In equation (61), x» is the coordinate normal to the surface, § is the
boundary layer thickness, and A and k are constants (typically 0.09 and
0.435 respectively). In equation (62), A is a complex function of many
factors influencing flow phenomena near the surface, including axial pressure
gradient and normal mass flow. The form of Cebeci and Smith (ref. 17) serves
to unify the many formulations as '

-1 1
T 2 2
A = AtuNT? [5‘1] [i] (63)
where
2 = v|Pe zgi o Vw o+ o] .
N = za‘; V+ 1 - exp[ll.STv ] + exp|ll.8 TV (64)
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A1l variables are time-averaged steady components, subscripts e and w

refer to freestream and wall values respectively, AT is a constant (25.3),
T, is the skin friction. Pressure gradient and mass addition effects are

accounted for accordingly as

v U dii
p+ = [ guge] d:e (65)
Up 1
t -yt
vi o= oufty (66)

where ale is the freestream axial ve1oc1'ty,'Vw is the specified velocity
normal to the airfoil, if present, and U, is the shear velocity

1.
T |2
- | w
UT = [?] (67)
The shear stress T, is defined as

aﬁl (68)
T, Z PV, 5o 68

W WW X, |

It can be evaluated using a difference formulae from an empirical data-based
equation, for example Patankar and Spalding (ref. 22), or for boundary layer-
type flows, from the Ludwieg-Tillman formula (ref. 67). The latter form is

1 .2 -0.678H ,_-0.268
v, = zpeule[:o.246(10) Re, ] (69)

where Re, is the Reynolds number based upon boundary layer momentum thickness
and H 1is the boundary layer shape factor (e.g., ref. 6 ).

Equations (60)-(69) provide the formalisms necessary to determine boundary
condition values for k and & near the aerodynamic surface. Furthermore,
through the dual definitions of turbulent effective viscosity, equations (56)
and (60), and since the latter invoives functions only of the mean axial
velocity component @1 , which is either known or readily initialized, a means
is established to initialize distributions of both k and € at the node
points of a discretization. Since the developed partial differential equations
are initial value, this information is required to start a solution.
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The closure for turbulence is now complete at the level of sophistication

selected for these studies. The solutions of equations (58)-(59) provide
closure for the 3DPNS equations (41)-(42) via equation (57). Define an

LIV =1V § S R wua v “—a v

effective diffusion coefficient as

e _ -
H = Re + p\)t (70)
Then, using equations (70), (54) and (44), and neglecting fluid dilitation,
the total stress tensor contribution for 3DPNS can be written as
oU . 3&[]
Sl e B

Then, the 3DPNS system for isoenergetic flows equations (45)-(46) can be
compactly written as

N N -
L(p) = _axi(p“i) 0 (72)
., = li, aﬁ]
o - 3p 9 [.el”7i L
L(pli;) = pl;zsr *+ - u[ + = 0 (73)
i 3 ax; x5 Xy X, axij

where 1 <i,j <3 and 2 < 2 < 3.

The viscous flowfield equation system is now complete as equations (58),
(59), (72) and (73). This system must be solved in concert with the definition
of the potential flow as obtained by solution of either equations (21), (25),
(30) or (32). Al11 boundary conditions have been identified for the repre-
sentative solution domains. Appropriate initial-value character has been noted
and means proposed to initialize required distributions in terms of readily
available information or data. The system thus developed appears complete.

It now remains to establish the numerical solution algorithm for these equation
systems.

FINITE ELEMENT SOLUTION ALGORITHM

The desired forms of the partial differential equation systems governing
subsonic aerodynamic flows of interest have been presented. Each member of
the system is a special case of the general, second-order non-linear elliptic
boundary value partial differential equation

_3l,0 9 - 3q| _
L(q) - 3—)(;['(3)(3;] + fl[q’ﬁ;’p’xi] + fz[uls'a;(g{] =0 (74)
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Herein, q 1is the generalized dependent variable, the tensor indices range
2<k, £ <3andl1< i <3, Kis the diffusion coefficient, f1 is a function
of its argument that specifically includes three-dimensijonal convection, p

is a generalized solution parameter, and f3 is the initial-value operator.
The boundary condition statements for each of the dependent variables can

be concisely expressed in the form

2(q) = a(l)q + a(z)KE%?—ﬁz + a(3) = 0 (75)
2

i.e., the normal derivative of q 1is constrained by q and a parameter as
determined by specification of the a(1‘). An initial condition is required
for g ddentified with each dependent variable as,

Q(Xl(O),Xz,X3) = qo(xzsx3) (76)

The finite element solution algorithm is based upon the assumption that
L(q) 1is uniformly parabolic within a bounded open domain @ ; that is, the
lead term in equation (74) is uniformly elliptic within its domain R, with
closure 3R, where

Q = Rx [xo,x) (77)

and ¥, < x. For the 3DPNS equations, x 1is associated with the x; coordi-
nate. Equation (75) expresses functional constraints on the closure of

Q, 92 = 3R x [xg-x) » and the initial-condition specification, equation (76),
1ies on RUIR X xg-

The concept of the finite element algorithm involves the assumption that
each dependent variable is separable in the form

a*(x;) = ay(x7)a5(x5,%5) (78)

The functional dependence in q2(x2’x3) is represented by a polynomial

in xp . The expansion coefficients q; can be most conveniently expressed
in terms of the value of g*(x;) at the nodes of the finite element discreti-
zation of R. Then, equation 278) takes the form

q;(xi) ¢1(x£)Ql(x1) + ¢2(X£)Q2(X1) + ¢3(X2)Q3(X1)

{otxp}Haxpl,

(79)
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s = ]

where the polynomials ¢(xg) are known functions of xp and x3 « Since they
are known, they can be dif%erentiated analytically, e.g.,

3y 4 T

Hence, there is no need to establish difference formulae to approximate the
differentiated terms in L(q).

The finite element solution algorithm is established for the equation
system (74)-(76) using the method of weighted residuals (MWR) formulated on
a local basis. Since equation (74) is valid throughout Q ., it is valid
within disjoint interior subdomains @  described by (xisx)eRy [Xo X)»

called finite elements, wherein l)Rm = R. The approximate solution for q
within Ry x[x, x)» called g*(x; , x), is given in equation (79) - Therein,
the functionals ¢y(*2) are subsets of a function set that is complete on

R . The expansion coefficients Q, (x) represent the unknown y- dependent
values of q; (xi,x) at specific locations interior to Ry and on the closure

3Rm , called nodes of the finite element discretization of R.

To establish the values taken by these expansion coefficients, require
the Tocal error in the approximate solution to both the differential equation
L(qf) and the boundary condition statement 2(qf) for 8RN3R 4 0 » be

rendered orthogonal to the space of the approximation functions. Employing
an algebraic multiplier X , the resultant equation sets can be combined as

S [ {o(xg)} L(q;)dr - AJ{¢(X£)}2(q;)dr = {0} (81)

m
Ry 3R, NaR

where % is the mapping function from the finite element subspace Rm to the

globa]vdomain R , commonly termed the assembly operator. The number of
equations (81) prior to assembly is identical with the number of node points
of the finite element Ry.

Equation (81) forms the basic operation of the finite element solution
algorithm and of the COMOC computer program to be described. The lead term
can be rearranged, and XA determined by means of a Green-Gauss theorem:

3 3q* _ 3g* ~
J{¢(x£)} B—XE—[K 52;:'&1‘ = §, {cp(xz)} Kg)q(;nz dt

R R (©2)

3 oq*
- I {¢(X2)} K dt
&naxz 3x2 25



For ORMA3Ry nonvanishing in equation (82), the corresponding segment of the
closed-surface integral will can?el the boundary condition contribution
equation (81) by identifying xa(2) with K, equation (74). The contribu-
tions to the closed-surface integral, equation (82) whereat B3R,N3R = 0, can
also be made to vanish. The globally assembled finite-element solution algo-
rithm for the representative partial differential equation system then
becomes

S|_ |2 og* * b
m -J 3%, {4} Kﬁ;dr + J{d)} (fl_ + o) dt
R R (83)

- f {4} [a(l)q* + a(32]d*r = {0}
3Rmﬂ3R

The rank of the global equation system (83) is jdentical with the total
number of node points on RU3R for which the dependent variable requires
solution. For f, non-vanishing, equation (83) is a first-order, ordinary
differential equation. Solution of this system is obtained by COMOC using
a predictor-corrector finite-difference numerical integration algorithm.
For f2 vanishing identically, equation (83) is large order algebraic, and
the matrix structure is sparse and banded. Solution of this system is
obtained in COMOC using a banded &holesky equation solver. Solution is
also required for the continuity equation (72), which is retained for
boundary-Tayer flows. Since it exists in standard form as an ordinary
differential equation, direct numerical integration yields the required
solution at node points of the discretization.
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COMOC COMPUTER PROGRAM

The finite element solution algorithm is utilized, as observed in the
previous section, to cast the original initial-boundary value problem des-
criptions into large-order systems of purely initial-value or algebraic
equations. The COMOC computer program system is being developed to transmit
the rapid theoretical progress in finite element solution methodology into a
viable numerical solution capability. COMOC integrates or equation solves
the d1scret1zed equ1va1ent of the govern1ng equation systems Initial dis~
tributions of all dependent variables may be appropriately specified or
computed, and boundary constraints for each dependent variable can be spec-
ified on arbitrarily disjoint segments of the solution domain closure. The
solutions for each dependent variable, and all computed parameters, are es-
tablished at node points lying on a specifiable nonregular computational
lattice, formed by plane triangulation of the elliptic portion of the solu-
tion domain §, i.e., RU3R.

Detailed discussion on the functional design of COMOC is presented else-
where (ref 23). The COMOC system is built upon the macrostructure illus-
trated in Figure 2. The main executive routine allocates core, us1ng a
var‘1ame GTmé'ﬁSTCffﬁﬁg SCﬂémé, Dasea Upﬁﬁ Cﬂe EOCal aegrees OT Treeaom OT l:ne
global problem statement. The size of the largest problem that can be solved
is thus limited (only) by the available core of the computer in use. The
precise mix between dependent variables and parameters, and fineness of the
discretization, 1s user-specifiable and widely variable. The Input module
serves its standard function for all arrays of dependent variables, para-
meters, and geometric coordinates. The Discretization module forms the
finite-element discretization of the elliptic solution domain and evaluates
all required finite-element nonstandard matrices and standard-matrix multi-
pliers. The Initialization module computes the remaining initial para-
metric data required to start the solution. The Integration module consti-
tutes the primary execution sequence of problem solution, and utilizes a
highly stable, predictor-corrector integration algorithm for the column
vector of unknowns of the solution. Calls to auxiliary routines for para-
meter evaluation (effective viscosity, Prandtl number, source terms, etc.)
as specified functions of dependent and/or independent variables, as well as
calls for equation solving algebraic systems, are governed by the Integration

module. The OQutput module is similarly addressed from the integration sequence

and serves its standard function via a highly automated array display algo-

rithm. COMOC can execute distinct problems in sequence, and contains an auto-

matic restart capability to continue solutions.
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A key feature of the developing COMOC system is automated discretization
and subsequent refinement using the concept of a finite element "super element."
A geometrically complex two-(and potentially three-) dimensional solution do-
main is resolved into a number of sub-domains, the number and shape of which
is rather arbitrary. The main purpose is to describe the geometry of the
complete problem as the union of many elementary geometries, each of which can
be adequately described by a few (six or eight) geometric coordinate pairs.
This is shown in Figure 3 for a three- and four-sided super-element shape.
These coordinate pairs are then assumed to describe quadratic surface curvature
(hence, no inflection point allowed), the basis of which is employed to deter-
mine a new curvilinear coordinate system wherein the super element is a regular
straight-sided polygon. This transformed shape is then divided into equal size
sub-domains according to an integer input by the user. The coordinate pairs
of the sub-domain discretization are then transformed to the physical plane
via the inverse transformation. The program automatically determines inter-
element connectivities, and numbers the resultant node points to minimize
matrix bandwidth. The net result is automated generation of a finite element
computational discretization in the physical plane. The discretization can
be made non-uniform according to a smooth progression by placement of non-
vertex coordinate pairs of the super element description nearer the desired
vertex node. Figure 4 illustrates the super element and resultant finite
element discretizations for an isolated airfoil of 12 elements and 648 finite
elements respectively. Refinement of the discretization is accomplished at
the super element input level by merely requesting a larger number of finite
elements to be generated in the transform plane. It must be mentioned that
the procedure is not absolutely foolproof since the inverse coordinate trans-
formation is not unique. In particular, placement of non-vertex super ele-
ment coordinate pairs too near a vertex pair can induce an inverse mapping
that is non-planar, i.e., the generated discretization overlaps upon itself.

A computer plot of the generated discretization can be of considerable use-
fulness in this regard. A detailed discussion on the theoretical aspects of
this feature is included in the Appendix.

Fig. 3. Three and Four-Sided Super Element Domains
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Fig. 4. Super Element and Finite Element Discretiz
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NUMERICAL RESULTS

The goal of the numerical. evaluations is to verify finite element
solution methodology applied to the components of a weak interaction solution
of subsonic two-dimensional aerodynamic flow over an isolated airfoil. Since
the finite element algorithm, equation (81), is fundamentally independent of
the dimension of the problem space, lower dimensional results can usefully
verify inherent capabilities and limitations. The numerical test cases, the
results of which are presented and discussed herein, evaluate solution
accuracy, convergence with discretization refinement, and the use of non-
uniform finite element discretizations to enhance both. Accuracy of potential
flow about both a NACA 4-digit and a Joukowski airfoil is documented, o
including computational application of the Kutta trailing edge condition.
Solution of turbulent and non-equilibrium boundary layer flows, including
adverse pressure gradient, documents computational accuracy as well as use of
first and second order turbulence closure. Results for wake flow solutions
document merging of dissimilar viscous and turbuient flows downstream of a
sharp trailing edge. The final section indicates iteration among these
various flows for a representative weak-iteration solution.

Aerodynamic Potential Flow

Two accuracy measures (norms) are required to be evaluated. From the
mathematics viewpoint, for a linear, elliptic boundary value problem, such as
equations (28) and (32), the accuracy of the numerical solution is intrinsicly
measured in an energy norm, E( , ) '

M 90X 3*
= 1{ag*ae*, _ 1 _m_m
E(e*,¢%) = 2,[8x28x£ dr 2m21 Jaxg 3%, T (84)
R R

Since the finite element mesh is non-overlapping on R, the second form of
equation (84) demonstrates the integrals are performed on Ry, and summed over
all M. Further note that equation (84) indeed measures kinetic energy per
unit mass, see equation (24). Denoting h as a presentative finite element
dimension, the accuracy of the finite element solution will converge to the
analytical solution as (cf., ref. 24).

p
E(6-6%,0-6%) < C-max|¢"|2 (85)

In equation (85), ¢ 1is the exact solution, ¢" 1is its extremum second
derivative, C 1s a constant, and p 1is an integer dependent upon the
degree of the finite element approximation function, {¢(x2)} , equation
(79). The coefficient o 1is a measure of discretization skewness, and can
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be interpreted as the extremum ratio of radii of inscribed and circumscribed
circles about each (triangular) finite elemént. Numerical solutions allow
determination of the actual value of p. If close to its theoretical value,
one can estimate with accuracy the improvement in the solution that will
result from refinement of the discretization.

The second and more practically important accuracy measure is pressure
coefficient C, , equations (33)-(36), since its distribution drives the
weak-interaction solution. The finite element solution computes 4(s) directly,
since a(3) s non-vanishing on the airfoil surface, see equation (83). The
fundamental evaluation is then accuracy of the computed tangential derivative
of ¢ for a curvilinear coordinate s, knowing n discrete values of ¢
at non-uniform displacements As. This is a classic problem in interpolation
theory, and cubic splines as well as difference methods were evaluated. For
the former, 3¢/9s 1is determined at the finite element gridpoints on the
airfoil by interpolation of ¢(s) assuming a spline approximation. The in-
crements As are evaluated using Simpson's rule to integrate the differential

equation for arc length,
L
d_s= - ax_zz ’ (86)
dx1 3x1

In turn, the tangent slope required in equation (86) is obtained from a cubic
spline interpolation of the discrete coordinate pairs defining the airfoil
surface.

The first requirement is to confirm order of accuracy, i.e., the exponent
p 1in equation (85), and to evaluate absolute accuracy of the finite element
prediction of ¢(s). The only factor driving the solution for ¢ , equation
(32), is the gradient boundary condition enforcing flow tangency, equation
(28). This in turn is a function only of the resolution of the surface normal
distribution, , and the manner in which the finite element algorithm ex-
tremizes so]ut1o% energy E, equation (84), subject to this type constraint.
To maintain simplicity, all computations were performed using triangular, two-
dimensional finite elements spanned by simplex functionals. Hence, the the-
oretical value for convergence rate p, equation (85), is two. The problem
selected is flow over a slender parabolic-arc airfoil with sharp leading and
trailing edges._ The airfoil is simulated as a symmetric sine wave with thick-
ness ratio ex”" , where XA is the period and e the amplitude of the
contour. Since the problem possesses quadrant symmetry, only a quarter-
domain numerical solution is required. Figure 5 displays the boundary con-
dition constraints for this domain, the basic "super-element" discretization,
and a representative uniform finite element discretization as generated by
COMOC. For the slender body approximation, wherein the zero normal-wash
boundary constraint can be applied on the mean chord (which is the x; axis),
an analytical solution exists as (eg., ref. 25
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¢(xz) = ecosZﬂxlx'lexp(—wazk'l) (87)

Therefore, for this simplification, both accuracy and convergence €an be
measured exactly.

Convergence for COMOC-generated solutions has been determined for three-
levels of discretization refinement for 32<M<512, where M is the number
of triangular finite elements spanning R. Shown in Figure 6 is the plot of
finite element solution energy E, equation (84), as a function of discreti-
zation. Shown for comparison is a line denoting exact quadratic convergence,
p = 2, equation (85). As observed, the convergence rate in energy closely
approximates quadratic for the refined grid. Interestingly (cf., ref. 24),
the convergénce is from above, i.e.,

E(¢-0*,¢-¢*) > 0 (88)

Hence, for perturbation potential function, solution energy appears extre-
mized by the finite element procedure according to a complementary energy
principle.

Solution accuracy responds favorably to the use of non-uniform discre-
tizations. Shown also in Figure 6 is a computed solution energy for the fine
grid case, obtained with a discretization scaled as non-uniform to enhance
resolution in regions where gradients in ¢ were largest. As observed, a
non-uniform discretization can provide a given level of solution accuracy
(in E) using fewer finite elements. Conversely, for a given number of ele-
ments, greater accuracy can be acheived using non-uniform grids. This can
be of particular economic importance for flowfield determination about actual
airfoil contours.

The accuracy of the algorithm for determination of C? » was evaluated
for a parabolic arc airfoil of chord, C = 1. Shown in TabTe 2, as a function

of distance from the leading edge, is a comparison between the analytical
solution C,» and numerical determinations using the computed finite element
distributiBns of ¢(s) for 13 and 25 nodes placed on the airfoil surface.
Two cases are shown for each discretization, corresponding to spline and
(second-order accurate) finite difference evaluation of 34/3s, respectively.
The maximum error is less than 1% throughout. Interestingly, the finite
difference evaluations evidence convergence with discretization refinement
(maximum error decreases from 0.6 to 0.2%), while the spline results are
essentially unaffected. Shown in Table 3 is a detailed comparison between

exact and computed values of each of the three terms comprisin Cp,.See
equation (36) for the coarser grid finite element solution. The major error

is observed to be evaluation of the dominant second term. Note that the third

term, usually discarded for Tinearized theory, contributes up to about 8% of
the total Cp at mid-chord. Hence, there appears no apriori reason to drop
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TABLE 2

Pressure Coefficient Distribution for

Parabolic Arc Airfoil, e/x = 0.025

Coordinate Pressure Coefficient - Cp

Numerical, n = 13 Numerical, n = 25

X/ Analytical = e F.D. Spline F.D.

0.0 -.0247 | === emem=  meeem e
0.0417 -.0657 -.0652  ----- -.0651 -.0657
0.0833 -.1060 -.1049 -.1062 -.1049 -.1060
0.125 -.1449 -.1434 -.1453 -.1434 -.1449
0.1667 -.1818 -.1799 -.1823 -.1799 -.1818
0.2083 -.2159 -.2139 -.2167 -.2138 -.2160
0.25 -.2468 -.2447 -.2478 -.2447 -.2470
0.2917 -.2739 -.2719 -.2752 -.2719 -.2741
0.3333 -.2967 -.2950 -.2982 -.2950 ~.2970
0.375 -.3149 -.3135 -.3166 -.3135 -.3153
0.4167 -.3281 -.3272 ~.3300 -.3272 -.3286
0.4583 -.3361 -.3356 -.3382 -.3357 -.3367
0.5 -.3388 -.3388 -.3409 -.3388 -.3394
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TABLE 3

Accuracy of Individual Terms in

The Pressure Coefficient Algorithm, Equation (36)

Coordinate Analytical Solution Finite Element Solution

x/C 1 " 2 3 1 2 3
0.0 .0241 -.0482 -.0006 | ----=  emeee eeee-
0.0417 .0237 -.0874 -.0020 .0237 -.0870 -.0019
0.0833 .0225 -.1245 -.0040 .0225 -.1236 -.0039
0.125 .0206 -.1590 -.0065 .0206 -.1577 -.0063
0.1667 .0182 -.1906 -.0092 .0182 -.1890 -.0091
0.2003 .0153 -.2189 -.0122 .0153 -.2172 -.0120
0.25 .0122 -.2438 -.0150 .0122 -.2421 -.0148
0.2917 .0091 -.2651 -.0177 .0091 -.2634 -.0175
0.3333 .0061 -.2827 -.0201 .0061 -.2812 -.0199
0.375 .0036 -.2964 -.0220 .0036 -.2952 -.0219
0.4167 .0017 -.3063 -.0235 .0016 -.3054 -.0234
0.4583 .0004 ~-.3122 -.0244 .0004 -.3117 -.0243
0.5 .0 ~.3142 -.0247 .0 -.3142 -.0247

* Terms 1,2,3 correspond to order of terms in equation (36)
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the term since its evaluation is straightforward using the developed
algorithm.

Determination of accuracy of computed distribution of C, was accom-
plished by prediction of flow over a Joukowski airfoil for several thickness
ratios and angles of attack. Initial computations utilized total potential
function & , commonly employed as documented in the finite element Titer-
ature. This approach was rapidly discarded, however, as numerical results
indicated that C, solution accuracy was highly sensitive to local varia-
tions in discretiZation uniformity including inclination of the element
diagonals. This results directly from use of the vanishing gradient boundary
condition, equation (23), over which no direct control can be. exerted. So-
lutions using perturbation potential function have been much more successful.
Following detailed numerical evaluations, it was determined that the "infinity
boundary condition, equation (27), should be placed at least one chord length
(C) away from the airfoil, except in the leading edge region where it should
T1ie 1.5C upstream. Therefore, a computational solution domain, lying 1.5C to
2.0C from the airfoil was selected. The airfoil contour was encircled by a
super-element discretization employing perturbed ellipse boundaries. This
generates a non-uniform discretization, concentrating small finite element
domains in regions of high surface curvature and/or large field gradients,
and provides smooth transition from fine to coarse grids. Shown in Figure 7
is the established super element discretization, and the corresponding finite
element discretization as generated by COMOC. The illustrated discretization
contains 648 triangular elements.

For pure potential flow about a symmetric airfoil at zero angle of
attack, the solution domain represented in Figure 7 is multiply-connected.
Numerical solution for this case verified that the finite element procedure
will imbed an effective branch cut from the trailing edge downwind, and will
accurately compute a planar wake trajectory. For all other cases, the Kutta
condition must be invoked at the trailing edge and at angle of attack, a
jump in ¢ occurs everywhere across the wake trajectory. Hence, the solution
domain becomes effectively simply-connected as will always.occur upon addition
of viscous flow-effects. The specification of boundary conditions reflects
these constraints; they are also noted in Figure 7. The vanishing normal
gradient of ¢ is enforced uniformly on the "infinity" closure, while every-
where on the airfoil surface, the normal derivative is constrained by orien-
tation and angle of attack, see equation (28). The nodes located downstream
of the trailing edge included-angle bisector are double-numbered and a van-
ishing normal derivative applied on both sides of the wake trajectory. The
distributions of the (+ and -) outward pointing normals for the wake tra-
jectory are assumed to vary quadratically Thus, wake curvature induces
smooth transition from the trailing edge to angle of attack at 1.5C down-
stream. The arbitrary constant value of ¢ 1is set (only) at the extremum
upstream node. Therefore, circulation, 1ift, stagnation point and Cp are
all direct output variables and under no direct user constraint.

Perturbation potential function distributions were computed for flow
over a symmetric, 12% thick Joukowski airfoil at five angles of attack,
0° < a < 8° Angle of attack specification was accomplished through rotation
of the freestream in the gradient boundary condition statement as discussed.
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Fig. 7. Super Element and Finite Element Discretizations
For Flow Over Symmetric Joukowski Airfoil
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Computer-generated isobar distributions for the finite element solutions are
shown in Figure 8. Note the near exact symmetry for zero angle of attack,
even though the discretization is not symmetric, see Figure 7. This was not
the case for use of total potential function. The solution extremum is

centered on the stagnation point for o = 0%nd 2°. As anglie of attack is
further increased, the extremum moves into the entire lower half plane and

becomes d1str1buted along the trailing edge branch cut. The increase in the -
jump of ¢ across the wake trajectory is also graphically evident as a
increases. For all cases, note the fiidelity with which the solution approx-
imates the vanishing normal gradient around the freestream boundary. Relative
magnitude of perturbation velocity levels are readily discerned since equal
increments in ¢ are plotted in each case.

The aerodynamic 1ift is strictly a function of circulation, T, which
is related in an e]ementary manner to the jump in ¢ at the trailing edge.
Shown in Table 4 is the 1ift coefficient, Cj » computed from the finite
element solutions of ¢, 0°< o < 8°. Agreement with the exact
values is good, with a nom1na1 error of 3% essentially independent of «.

The non-zero computed 1ift for zero angle of attack is one measure of the
numerical error induced by the non-symmetric discretization. Its value is

certainly nominal.

The aerodynamic parameter of primary impact for the weak interaction
solution is surface pressure distribution, from which can be determined
pressure coefficient as well as form drag and pitching moment. Shown in
Fig. 9 is a composite plot of C, Versus o , as determined by use of the
finite element computed d1str1bBt1on of ¢(s) within the C, algorithm,
equation (36) and using the cubic spline technique. Agreeﬁent with the ana-
lytical solution is generally good over this range of angle of attack, re-
garding prediction of extrema, stagnation point and in the general overall
shape of the curves (which have not been smoothed). The extremum low pressure
on the upper surface is universally underpredicted, as one would expect,(since
the ¢ solution is basically interpolatory), but the surrounding curve shape
is good. The same holds for prediction of stagnation point. The finite
element bound on stagnation po1nt location, defined as the half-domain span
surround1ng the computed maximum Cp » agrees well with the exact solution,
as shown in Table 4.

The stability of the weak-interaction solution algorithm is fundamen-
tally a function of phenomena in the immediate vicinity of the trailing edge
of the isolated airfoil. It is within this region that slope discontinuities
occur in C_. Shown in Figure 10 is an expanded scale plot of computed C
for o = 6° including prediction on the trailing edge wake centerline.

General agreement with data is good, although detailed differences and dis-
crepancies are noted.. The computed values of lower and upper surface Cp

at the trailing edge are not equal. However, the curves do cross immediately
downstream of the trailing edge.Since the ¢ domain is singly-connected,

and since prediction of C, starts at the leading edge (even at angle of
attack) as an initia]-va}Be determination, there is no mechanism present to
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TABLE 4

Aerodynamic Parameters for Joukowski Airfoil

Angle of Lift Coefficient CL Stagnation Point - C
Attack, o Finite Element Exact Finite Element Exact
0. 0.001 0.0 .009 0.0
- 2. 0.232 0.237 .0000 —.00117 0.0011
4. 0.462 0.478 .00117~.00779 0.0042
6. 0.694 0.716 .00779-.01987 0.0094
8. 0.924 0.954 .00779-.01987 0.0167
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enforce uniqueness at the trailing edge. Shown in Table 5 is the computed
difference in Cp at the trailing edge node location as a function of o .

Table 5

Pressure Coefficient Difference at Trailing Edge

0f Joukowski Airfoil

Angle of Pressure Coefficient, CP
Attack o Upper Lower Difference
0 0.1166 0.1516 -0.035
2 0.1094 0.1587 -0.049
4 0.08915 0.1664 -0.077
6 0.1039 0.1700 -0.066
8 0.0876 0.1680 -0.080

Note that, even though the finite element soiution for ¢ was symmetric
to C_ = 0.001 for zero angle of attack, that accumulated error in determina-

of Cp produced a trailing edge difference of 0.035. This could be attribu-

table to the difference in diagonal orientation within the discretization,

see Figure 7, since "averaging" solutions obtained with the given discretiza-
tion, and one with the opposite diagonal orientation, would obviously eliminate
the Cp difference. Alternatively, it could be accumulated round-off error

in the Cp spline algorithm, since upper and lower surface normal vectors are

of opposite sign and no advantage has been taken of the intrinsic problem
symmetry. Finally, it could be associated with the Joukowski cusped trailing
edge, which is only approximately modeled for any discretization. From Table
5, the computed trailing edge difference appears essentially insensitive to
angle of attack.

The remaining difference may be attributed to the influence of the
assumed wake trajectory curvature on the solution. An airfoil itself provides
ample evidence that flow curvature can support a pressure gradient. The
exact solution, obtained using conformal mapping does not 'bossess" a wake,
and therefore is insensitive to the manner in which the velocity vector at
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the trailing edge is rotated to freestream orientation. However, in the
present boundary value solution, the wake trajectory is as much an impervious

a3l T 4oL s 2 adiad 2aa AL tha A T
TOT1 1 LU

surface as is the air itself. Since the distribution of the norma
the wake is assumed quadratic, the wake trajectory itself is cubic. The
constraints on the cubic curve are known slope at each end (Kutta condition
and freestream), known trailing edge intercept, and the assumed quadratic

variation of A - Several other trailing edge orientations were evaluated

‘for the 6° angle of attack ¢ase, including a straight wake trajectory at the

Kutta angle and at the freestream angle, and a linear average of these. In
all cases, the pressure difference computed at the trailing edge exceeded the
present case by a factor of up to four. Therefore, the quadratic normal

distribution appears to best simulate the experience with exact solutions.

Considerable additional numerical experimentation cou
conducted. The developed spline C, algorithm may not be optim especially
since it did not clearly demonstratg convergence under grid refinement for
the parabolic arc airfoil test case. Refined grid potential flow solutions
should be generated to allow measurement of convergence in the energy norm.
This development study could be readily conducted using the COMOC computer

program.

One additional point warrants comment. The design trend is to pro-
gressively thicker airfoils. As the thickness increases, the placing of flow
tangency boundary conditions on the actual surface (instead of the mean chord)
becomes additionally important. The finite element concept retains all the
required flexibility. For example, shown in Figure 11 are finite element
discretizations for solution of 24% thick Joukowski airfoil, accounting for
and neglecting the influence of thickness. Figure 12 compares the computed
C, distributions, as obtained by applying identical boundary condition
constraints, equation (28), on the surface and on the mean chord. The
differences are most pronounced as expected in the region of maximum thickness.
In the same manner as produced the "flat plate" Joukowski airfoil approxima-
tion, the discretizer in COMOC can readily establish an arbitrary non-
symmetric airfoil shape including camber.
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Boundéry Layer Flow

A numerical test program was employed to ascertain the accuracy and
convergence character of finite element prediction of turbulent two-dimen-
sional boundary layer flows using the 2DBL option in the COMOC computer
program. Emphasis was placed on assessing the influence on accuracy and
computer cost of finite element discretization and refinement, turbulence
closure modeling, and initialization procedures for required data prgfiles.
The comparison bases were computed mean flow longitudinal velocity (U;)
profiles, the familiar boundary layer integral parameters of displacement
thickness (8*) and momentum thickness (0), and the point norms of shape
factor (H), boundary Tayer thickness (8), and skin friction (C¢). For
reference, these definitions are

o = [ - 1yupTlaxg (87)
8

6 = fﬁluélfl - tiug Jdx, (88)
8

H = 6*6'1 (89)

§ = {x2|V'x2 » Gjugl = 0.991} (90)

= 1 2 -1
Cf = Tw[lz Pe ue] (1)

winere x, s the coordinate normal to the aerodynamic surface, Us is the local
freestream velocity, and Ty is the wall shear stress. Each of the defined
parameters is a function of x;, the Tongitudinal (streamwise) coordinate.
Furthermore, for three-dimensional parabolic or boundary layer flows, each
also depends upon the lateral coordinate x;. The Ludweig-Tillman formula
(ref. g ) for C¢ is valid for laminar, transitional and turbulent flows, and
is determined from 6 and H as

= -0.678H,_ -0.268
Cf = 0.246(10) Ree (92)

In equation (92 ), Rep is the momentum thickness Reynolds number

uee

0 Vo

Re

(93)
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Four test cases were selected to facilitate the study. The turbulent
flow test cases were taken from data sets published in the Stanford conference
proceedings (ref.26 ). The Wieghardt flat plate flow (IDENT 1400) corresponds
to equilibrium turbulent boundary layer development at zero pressure gradient.
Constant freestream velocity (U., = u,) was 33 m/s, the flow was tripped at
the blunt leading edge by a trip wire, wind tunnel turbulence level was 0.25%,
and the average unit Reynolds number was 2.19x10° per meter. The Bradshaw
relaxing flow (IDENT 2400) corresponds to evolution of a non-equilibrium
boundary layer, induced by abrupt removal of a moderate adverse pressure
gradient from an initially equilibrium flow. Nominal freestream velocity
(Up) was 33.5 m/s, wind tunnel turbulence was less than 0.1%, and the reference
unit Reynolds number was 2.38x107 m~!. The Newman adverse pressure gradient
flow (IDENT 3500) corresponds to turbulent boundary layer flow approaching
separation on the upper surface of an airfoil at angle of attack. Nominal
reference velocity (U,) was 36 m/s, wind tunnel turbulence level was approx-
imately 1%, and the reference unit Reynolds number was 2.5x10° m~. Finally,
the zero pressure gradient, laminar incompressible (Blasius) similarity
solution (ref. 6 ) was employed to assess absolute accuracy and validate
numerical convercence for the finite element discretizations determined econom-
ically accurate for turbulent flow prediction.

The two-dimensional boundary layer equation system solved by the 2DBL
option in COMOC is established in a transformed coordinate system. Coordi-
nate stretching in the x, direction can efficiently compensate for bounday
layer thickness growth. Referring to Figure 13 , the selected transformation
is

_ % - (%)
ER AR I A AN

(94)

where n is the normalized coordinate lying between (at least) piecewise con-

- tinuous surfaces, fi(xi1)-and f2(x;) > f, , that bound the elliptic solution

domain R, see equation (77), and f is a normalizing factor. For the presented
results, f, corresponds to the plate surface and is a constant, while f,

is appropriately specified. for each case. (Note that for the Blasius case,

T, (%) = CVX; would exactly scale the finite element-spanned domain to that
of the similarity solution. However in COMOC, f, is retained in complete
generality as piecewise linear interpolation between input data points, or

as an input functional.)

The boundary layer equations are a sub-set of the parabolic_Navier-
Stokes system, equatians (72)-(73). For two-dimensional flows, U2 is de-
termined from equation (72) and Ui is solved from equation (73) for i = 1,
1<j<2and 2 =2. Equations (58)-(59) are solved for the TKE closure
modeting (if used) over the same index range. In expanded form in the
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(E,n)_cqordina?e system, and applying the incompressible boundary layer order’
of magnitude simplification, the equations solved are '

i,

iy = [ 35 4 2
'-(“2) = [ag (h2 + nh3)an]u1 tgn s 0 (95)
ou
i = 1 .é_ - _3__ i hi 1
- 2148 .ﬁiq - l.EBS. = 0
aml” 1 on p dg
= 1} -_.a___ 3“ ] _a_k_
L(k) =1y |5g - (hy + nhg)goik + U, (97)
— @ ~ ,2
- i\) hl a_k. - \)e El +e=20
on Prk on on |
L(e) = Tj|qz - (hp * nhg)dle + T, 35 (98)
e ~
h 3t 12
- 2V "M e 1,1 e[ 1 2 2,71 -
an Pre 5‘% - CEEk v [E'l-‘] + CSE k =0

The functions h., 1 < 1 < 3, are the metric coefficients which result from
differentiation in the curvilinear coordinate system defined in equation (94).

Members of the set are defined as ¢ )
f(f, - ;)71
2 1
h. =<{f2h
- _ - —1
hl(f2 fl)f ]

The superscript prime denotes ordinary differentiation with respect to .
The effective kinematic diffusion coefficient is (see equation 70).

v& = Re~1y tuy (100)
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where

292 !
v, = JUEIa— (MLT) (101)
t 2 -
Cyk2e~1 (TKE)

and v is the kinematic molecular viscosity. For the MLT closure, £ is the
mixing length and w is the Van Driest damping coefficient (ref. 17), see
equations (61.)-(62).

As the key feature of turbulent fiow computations, it is mandatory to
employ a highly non-uniform (finite element) discretization of R to obtain
satisfactory computational efficiency in concert with acceptable solution
accuracy. Following extensive numerical tests, it was determined that
solution speed and accuracy were enhanced in concert by using a finite element
discretization that increased in sequential span according to a geometric
progression. For two-dimensional parabolic flows, the finite element domain

is a line segment of measure (length) Lp. If n p=1 represents the ex-
tremum nodal coordinate of R, i.e., the . mth finite element domain spans

bo = et~ M (102)

then a geometric progression of n ., (hence span of R,) is obtained by the
reciirsion relation

Ny =M +S 100 l<m<M (103)

In equation (103), n; is the coordinate of the first node of the discre-
tization (typically zero, i.e., x, = f1(x1) , equation (94)) p is the pro-
gression ratio of the finite element span, s is a scale factor that allows
imbedding a given number of elements within f2 = fi, equation (94), and

M is the total number of finite elements spanning R, equation (77).
Numerical experimentation was conducted for

s/8 < 1071
p < 1.5

10-3
1

A

where 8 is the boundary layer thickness. Note that p = 1 corresponds to a
uniform discretization. Shown in Figure 14 are graphs of discretizations

as established by equation (103 ) for several s/6 and p. Curves A, C and D
illustrate various uniform discretizations of R; the header shows the corres-
ponding number of finite elements M spanning § and 3§, whereat appropriate
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freestream boundary conditions for each computed variable were applied. Curve
B illustrates a modestly non-uniform grid, suitable for laminar flow predic-
tions, obtained for p = 1.11. Compared to curve A, resolution at the wall

is doubled, while only about two-thirds the number of elements is required to
span the solution demain, R = 35§. Curve E depicts a typical finite element
discretization determined by numerical experiment to yield good solution
accuracy for turbulent flow predictions while requiring only minimal computer
execution time. The finite element at the wall spans § X 10-% , yielding
excellent resolution of near wall damping, yet only about 28 finite elements
are needed to span R = 38. Progression ratios p > 1,25 generally yielded a
too sparse discretization in the freestream. Values of p appreciably less
than 1.25 can place double the number of elements within 3§. Barring the
numerical round-off error associated with finite arithmetic, finer discreti-
'zation always improves accuracy for a consistent algorithm. However, for the
turbulent flows tested, the improvement in accuracy was typically inadequate
to compensate for the doubling of computer CPU time. Hence, the following
results were obtained using the discretization shown as curve E, Figure 14

The results for the Wieghardt data case (IDENT 1400) _are presented in
Figures 15-16. As shown in Figure 15 the computed u: velocity profiles
are in excellent agreement with data at each of the first eight experimental
stations. Closure for turbulence was accomplished using MLT, with the para-
meters k and A equated to their standard values of 0.435 and 0.09 respectively.
For boundary conditions, both U; and Uz vanished at the plate surface, while
3U;/3X2 vanished at the freestream boundary, x, = 38. Shown in Figure 16
are comparisons between data and the finite element predictions for the
boundary layer parameters. Agreement is excellent throughout, except for skin
friction C: , where measureable disagreement is noted over 0 < x_< 0.25m.
However, within this range, the experimental data is extremely sparse; note
the 1owest symbol for y, on each data profile in Figure 15, corresponding
in each case to the first measured value. Since C¢ is basically the wall
shear stress T, , its evaluation is highly sensitive to the employed inter-
polation formulae (see comments, ref. 26, Vol. II, p. 98).

The computed solution was initialized in a manner identical to experiment
wherein a turbulence-free uniform flow was forced to impinge upon the plate
leading edge. For the numerical solution, the initial value of G, at each
node of the finite element discretization was thus uniformly Us, = except for
the node at the plate surface where 4, = 0 throughout. Hence, the maximum
attainable velocity gradient occurrad at solution initiation; nevertheless,
start-up by COMOC was smooth and devoid of oscillation. The initial values
for Uz were uniformly zero since BU1/%X1 =0 upstream of the plate. This
corresponds to what is termed a "slug-start," which is the method employed to
initiate solutions in the absence of any preferable alternative. Since the
turbulent Reynolds number of the Wieghardt case is initially small, transition
from laminiar to turbulent flow occurs over a finite span of x; , up to and
including perhaps the first data station. The results of computational ex~
periment with the switch from Taminar to turbulent filow is shown in Figure 17
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The symbols' correspond to C¢ as established from Wieghardt data using both

an interpolation procedure fref. 26) and the Ludweig-Tillman formula, equation
(A.6). The curves were determined from the U,  profiles computed by COMOC
using equation (A.6). In each case the flow was assumed laminar to the
selected transition point after which computation of the MLT eddy viscosity
was initiated and continued as the flow proceeded downstream. No transition
model was employed to alter the intermediate profiles. The family of computed
results are bracketed by the data, and by x; = 0.6m the various methods are

in essential agreement. The velocity profiles shown in Figure 15 were taken
from the run which predicted u; at x;= 0.087 m in agreement with the first

experimental value (Glu;1= 0.77).

The second turbulent flow test case is considerably more demanding,
since nonequilibrium phenomena are involved in the relaxation process. Tur-
bulence generation and dissipation processes are not in balance at a point in
the flow; hence, one expects MLT to be of marginal validity while the TKE
closure should be more exact. Nevertheless, MLT with standard cogfficient
values proved remarkably capable as illustrated by the detailed u, velocity
comparisons in Figure 18 These results were generated using a fixed coor-
dinate system since boundary layer growth was rather modest for this case.
Agreement with data is good, although diffusional processes within the flat
mid-range appear too high as evidenced by the computed results uniformly
exceeding the data. These differences diminish further downstream, but
there is a corresponding trend for the computed results to under-predict the
first knee in the curve. Shown in Figure 19 1is comparison between prediction
and data on the boundary layer parameter bases. As suggested in reference 26,
match with the data has been enforced at the second station. Agreement in
8 , Hand 6 is generally excellent. The correct trends and local extrema in
§* are predicted; however, the overall Tevel of the curve is high. In concert
with the underprediction of Cf, these curves are in agreement with the computed
Tow §, profiles near the wall. Note that the increasing wall shear in a
uniform pressure field is a manifestation of the non-equilibrium processes.
Turbulence levels for this case are high as well. For example, see equation
(100 ), the computed extremum of ve/v for the Wieghardt case was 150, while
for Bradshaw it was 900. However, for both cases, the employed non-uniform
discretization provided adequate resolution of the wall region while using
only 29 elements to define the range of extremum turbulent viscosities

encountered.

The Bradshaw case was employed to assess correct operation of the TKE
closure model for turbulence in COMOC in concert with MLT to predict near
wall effects. Several tests were run to evaluate an optimum y+ to apply
fixed boundary conditions for solution of k and e, equations (97 )-( 98 ),
where y+ is the familiar Reynolds number based upon Up o equation (67),
i.e.

u_ X
+ . 172
y = \Y

(104 )
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Initial profiles for k and € , to start the solutions, were determined from
the @i, profiles using the dual definition of v, , equation (101), in concert

with the definition of a dissipation length scale, 24-

84 = kY271 (105)

and the knowledge that &4 can be interpolated quadratically between known

wall and freestream values (0 and 0.09, respectivel g, and that 324/9x2 at
the wall is linear and known (e.g., see ref. 21). e range evaluated was

7 <yt <50 , and best results for this case occurred for 30 < y* < 40.

Shown in Figure 20 are comparisons between computational results for i

and data; agreement is good and comparable to the MLT run. Figure 21 pre-
sents comparisons for the boundary layer parameters. Agreement of computed

8* and 6 with data is noticeably poorer for x; > 71, but otherwise in essen-
tial agreement with the trends noted for the MLT runs.

The evaluation of the Newman adverse pressure gradient case (IDENT 3500)
indicates limitations of the boundary layer and mixing length concepts. This
flow corresponds to upper surface boundary layer development on an airfoil
at angle of attack sufficient to induce separation before the trailing edge.
Using the standard values for the constants in MLT, x = 0.435 and X = 0.09,
and the previously verified non-uniform discretization, numerical evaluation
indicated that the computed eddy viscosity was excessively large, since the
velocity profile shape near the wall was considerably less retarded than the
experimental data. Retardation of the boundary layer at freestream was
correctly computed. Since the adverse pressure gradient acts as a sink for
momentum across the entire boundary layer, i.e., it is a uniform solution-
insensitive non-homogeniety in the differential equation, the only means to
under-decelerate the wall profile is for the high freestream momentum to
cascade into the low momentum region. Since U,<<lU,, the sole mechanism
producing this phenomena is an excessively large diffusion coefficient, u®.
Since some latitude exists for A , a value near its Tower bound (0.07) was
evaluated. The results of this prediction are shown in Figure 22, which
compare computed U, velocity profiles to data over a one meter span. Agree~
ment is excellent up to the last two profiles; over diffusion progressively
erodes this agreement thereafter and the separation imminent at the Tast data
station is not captured. This results directly from excessive momentum
diffusion to the wall. For example, shown for comparison as the dashed curve
is one velocity profile computed for X = 0.09. For this case, the extremum
-u€/u was 820; for A = 0.07 at the same station, maximum p®/u was 650.
However, this level increased to 850 by the last data station, resulting in
the indicated poor agreement. The comparison of computed integral parameter
distributions to data is shown in Figure 23. Agreement is excellent up to
the imminent separation. Thereafter, only & agrees well with data, indica-
tive of correct simulation of the pressure gradient effects using the vanish-
ing gradient freestream U, "boundary condition. This type of boundary layer

X
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situation is always encountered near the trailing edge of practical airfoil
flows. Careful attention to detail is therefore required, including perhaps
use of a higher-order closure model for turbulence Tike TKE.

Absolute accuracy and convergence character of the finite element algo-
rithm at this point can only be determined by computation of Taminar flows.
The Blasius solution (ref. 6°) provides the required exact solution to
equations (95)-(96) for v equal to a constant. Use of a nominal 10 element
uniform discretization, curve A of Fig. 14, produces a maximum error in Ui
of about 1.5%. The non-uniform discretization of the same number of elements,
curve B, reduces this error by a factor of about four, as does a doubling of
the uniform discretization to 20 elements. The latter results confirm that
the linear functional finite element algorithm is of second-order accuracy.
It is also noted that use of the variable stretched coordinate option,
equation (94), degrades absolute accuracy for laminar flows by up to a factor
of two. The culprit appears to be the continuity equation solution, which
as a direct consequence of the transformation contains a term that is linear
in n . Hence, it grows without bound as equation (95) is solved. Use of
the Blasius solution for @i, , in concert with integration of equation. (96)
for U, is determined to remove the additional error. This phenomena appears
of negiigib]e influence for computation of turbulent boundary layers for the
cited test cases, provided sufficient resolution of the region near free-
stream is retained. Recall that large finite elements are therein employed;
use of coordinate stretching can induce a too coarse discretization near
freestream for computations of sufficient length.

Turbulent Wake Flow

Prediction of the merging of dissimilar turbulent boundary layer profiles,
downstream of the terminus of the airfoil, requires solution of the 2DPNS
equation system closed with the TKE model. The primary requirement in this
solution is to accurately predict the rapid reduction in boundary iayer dis-
placement thickness, defined now as the sum of the upper and lower surface
contributions, as the viscous flows merge. In an interaction solution these
data will reflect back into the potential flow solution as alteration of the
effective inviscid shape of the airfoil and its wake. The equilibration process
will occur very rapidly within about 0.1C downstream and will locally generate
large levels of turbulence in the initial momentum—defect region. Within this
span, the initially zero u; at the-trailing edge will rapidly accelerate to
50 - 60% of U, . As the flow proceeds further downstream, the momentum defect
within the wake will continue to slowly diminish.

From the aerodynamics standpoint, the output of primary value for the wake
flow is prediction of the drag due to friction. An analytical exact expression
for drag can be derived from the integral momentum equation (cf., ref. 6). For
an incompressible flow, the form is

Lde s Tw o (2am).8 (gn e
68 6dx 0 .0, dx .’ (106)



where 6 and H are parameters defined in equations (88)-(89). 1In the
absence of a wall, this equation is formally integrable by parts, yielding

U, H+2 fH
0 = 8 |—n exp en Uy, dH
Um] P (107)

u.‘_[g

where 8 and H may be evaluated at any x, coordinate. The trailing edge
has been chosen, typically, since most interaction solutions have available
only the boundary 1ayer parameters up to this location. Evaluation of
equation (107) requires Ue = U, (H In the Squ1re Young approximation
(cf., ref. 27), a linear re]at1on in the logarithm is chosen. The resultant
drag coefficient is

=2 6
¢p=2-L|gt (108)

> ]

'51'1/2(H+5)
upper + Tower
where 6 and H are evaluated at the trailing edge. The Squire-Young
approximation is at best only marginally valid between the trailing edge and
downstream infinity. However, its use may be of greater value if the transi-
tion from the trailing edge to some nearby downstream station could be more
accurately predicted, i.e., numerically. Then equation (108) could be employed
to complete the computation of Cp for the remainder of the wake.

The basic requirement, therefore, is to use the 2DPNS solution to
compute the near wake. The Joukowski airfoil test case was employed since
experimental data base exists (ref. 28). The measured U, boundary layer
profiles were interpolated to provide an initial condition for the 2DPNS
equations. Starting at x,/C = 0.98, the 2DBL option in COMOC was run using
MLT, then the TKE closure to equilibrate the u, and computed u, profiles
with the imposed C,. At x,/C = 1.00, a restart was used to switch to the
2DPNS option. This solution was then marched downstream to x,/C = 1.25.
Shown in Figure 24 is the comparison between U, distributions and u,
distributions computed by the finite element 2DPNS. Agreement is excellent
to x /C = 1.10; thereafter, the upper profile is progressively underdiffused.
Note that the wake is modestly curved, as defined by the trajectory of U,
minimum. While the ve10c1ty differences are only a few percent, the impact
on integral parameters is pronounced as shown in Fig. 25 for the upper
prof11es at x,/C » 1.1. The Tower profile integral parameter solution is
in good agreement with data as are both shape factor contours and the
acceleration of the U, minimum. Shown in Fig. 26 are computed wake dis-
tributions of turbulence kinetic energy and dissipation. Assuming the
validity of equation (47), the TKE profiles correspond to pressure variation
across the boundary wake. The initial Tevels are modest with a double peak.
They coalesce into a significant extremum, immediately downstream of the
trailing edge, with higher levels maintained thereafter, coincident with a
gradual broadening of the base. These results verify the fundamental
capability of the finite element solution of the 2DPNS equations to accurately
predict the merging of dissimilar turbulent boundary layer profiles within
the wake downstream of a sharp trailing edge. The results are applicable to
both establishment of a weak-interaction solution algorithm as well as pre-
diction of viscous drag. 69
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An Interaction Solution

The finite element solution of the fundamental building blocks of a
weak-interaction algorithm for subsonic aerodynamic flows has been documented.
An evaluation of these capabilities for a complete flow solution has been
completed. In this case, the airfoil contour was a modified NACA 0015, for
which experimental data are available (ref. 29). Shown in Fig. 27 is the
COMOC-computed C, distribution for this airfoil at o = 8°. The computa-
tional results arg in good agreement with the exact solution, including the
trailing edge, where AC. = 0.01 between lower and upper surface. In dis-
tinction to the Joukowsk?, the NACA 0015 has a finite thickness trailing
edge. Use of the original finite element solution-domain diagonal orien-
tation, Fig. 7, for this case is thus observed to produce excellent results.

COMOC contains a subroutine to integrate the integral momentum form
of the boundary layer equations. This solution is quite inexpensive and can
yield adequately accurate determination of 6 and &% up to the immediate
vicinity of the trailing edge, i.e., x;/C < 0.9. The upper and lower surface
C,. distributions computed by COMOC for the basic airfoil were employed to

compute the initial estimate of &* distributions. The trailing edge values
were then faired into a representative freestream decay, and the potential
flow determination repeated for this viscous-augmented shape. This Cp

distribution is also shown in Fig. 27, denoted "augmented (0)," ie., the
zeroth iteration. Note the pronounced blunt base introduced at the airfoil
trailing edge by the viscous effects, with an attendant sharp slope disconti-
nuity in proceeding into the wake.

Also shown in Fig. 27 is the ¢&* distribution computed from the initial
(inviscid) computed Cp and that of the first iteration. The results at the

trailing edge differ remarkably, with the upper surface peak in s* moving
upstream from the airfoil terminus. The iterative cycle between viscous-
augmented potential flow and integral boundary layer and wake was continued
until convergence was achieved, defined as AC. ¢ 1% of the maximum C..

The final results for Cp and &* computed consistent are also shown in Fig.

g;s The latter curve is in essential agreement with experimental data (ref.

This converged C, distribution is then employed to drive a 2DBL and
2DPNS solution from uBstream of the trailing edge on into the turbulent wake.
Computations are continued to x;3/C = 1.15, whereafter &* and 6 can be
assumed to vary only slowly to the end of the computational domain. The
computed modifications to 6* within the interval 0.9 < x,/C < 1.15 are
then employed to modify the effective inviscid airfoil shape. The finite
element determination of potential flow may then be repeated if sufficient
difference is computed for &* from the more exact solutions. The 2DPNS
wake flow solution is also used to evaluate drag, equation (107).
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CONCLUDING REMARKS

The results of the reported comprehensive numerical experimentation
document the basic capabilities of finite element solution of the differential
equation systems constituting two-dimensional weak-interaction theory in
aerodynamics. Factors affecting solution accuracy for potential flow deter-
mination about an isolated elementary airfoil have been evaluated. An algo-
rithm for accurate computation of pressure coefficient is established. A
highly non-uniform discretization has been determined to allow economically-
- accurate prediction of two-dimensional turbulent boundary Tayer flows with
pressure gradient. Comparisons have been made with experimental data using
both MLT and TKE closure for turbulence. The prediction of turbulent merging
of dissimilar turbulent boundary layer profiles has been accomplished in the
wake downstream of a sharp airfoil trailing edge. The ability to combine
these analyses into a weak interaction solution for the complete flow about
an isolated elementary airfoil has been documented.

These results confirm for the first time the fundamental capability of
finite element solution methodology applied to the complete aerodynamics
problem. There is ample room for improvement as well as extention to more
complex airfoil systems and higher dimensional space. A systematic numerical
experimental project should be persued to evaluate under close control the
factors affecting accuracy of computed potential function and derived pressure
coefficient. A higher-order, curved-sided finite element might prove eco-
nomically useful to more accurately model airfoil surface and wake curvature.
The accuracy of the turbulent boundary layer and merged wake flow solutions
could be enhanced through turbulence model refinement as well as use of higher
order accurate finite element functionals and initial-value integration pro-
cedures. Each of these areas could and should be addressed to render tangible
the potential usefulness of the finite element solution in subsonic aerody-
namic system design.
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APPENDIX

Automatic Discretization Refinement

Combined viscous-inviscid flowfield iterative solutions impose: the
requirement for automatic redistribution of the potential flowfield grid
points to accomodate the inviscid boundary shift at each solution iteration.
The finite element size along the boundary must remain relatively constant,
however, to maintain solution accuracy, hence, the entire flowfield grid
must be shifted to conform to each new boundary shape. For the infinite
variety of airfoil, boundary Tayer and viscous wake shapes encountered in
aerodynamics, a method is required which is unrestricted in its ability to
model general geometric shapes.

The COMOC discretizer has this capability. By subdividing the flow
domain into a few shapes having quadratic variation along the boundaries,
virtually any closed domain can be accurately modeled and discretized to
conform to solution requirements. The method is graphically presented in
Figure A.1 for a single element two-dimensional airfoil in an infinite.
domain. In Figure A.la the flowfield has been divided into twelve sub-
domains consisting of eight quadrilateral and four triangular shapes. The
gridpoints represent the data required to specify the sub-domain boundaries.
Note that all boundaries are of degree 2 or less. The side gridpoints serve
to describe the curved surface shapes and their location relative to adjacent
verticies determines the spacial distribution of the generated grid. Figure
A.1b illustrates a 648 element grid generated from the subdomain description
in Figure A.la. Note that the refined grid around the airfoil surface and
toward the leading and trailing edges is due to the off center placement of
the subdomain side gridpoints. Variations on refinement type and number of
elements is readily accomplished from a single set of subdomain data by
simply moving side gridpoints and respecifying the number of elements for
each subdomain.

The grid refinement algorithm proceeds by looping over the subdomain and
generating gridpoint and finite element correction data. For each of the
quadrilateral and triangular subdomain shapes, a coordinate transformation.
exists which maps a local natural coordinate system onto the physical plane.
The general form of the required transformation for all space is:

Xi= Qlx; } J=1n (A.1)

where n is the total number of specified grid points on each subdomain boundary
and summing over repeated indices is observed. The scalar x; consists of the
gridpoint physical values of the coordinates at the ith generated node. The
quantity Q; 1is called the shape function and contains functions of ¢ and

n which satisfy the transformation illustrated in Figure A.2 for ¢ and n

of the {x;}. Equation (A.1) is valid over one-, two-, and three-dimensional
cartesion space and shape factors may be derived for a variety of geometric
shapes and polynomial degrees. Since the derivation procedures are well

76



— 1

tiz

t Discre
al Airfoil

Isolated Two-Dimension

Element and Finite Elemen

For

Fig. A.1. Super

77



.documented (ref. 8), the two-dimensional quadrilateral having a biqua-

dratic (8 coef.) interpolation function will be focused upon with the under-

standing that other shape functions may be directly substituted. The quadri-
lateral shape function therefore is:

(3(1 - e)(1 - n)(-e - n - 1T
(1 +e)(1 -€e)(e -n-1)
(1 +e)(1 +n)(et+tn-1)

05 = 1 %(1 - e)(1 +n)(-e +n -1 (A. 2)
(1 - €2)(1 - n)
51 + €)(1 - n?)
5(1 - e2)(1+m)
L%(1 - €)(1 - n?) )
4
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Fig. A.2 Mapping of a Quadrilateral Onto a Natural Coordinate Plane (e n)
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where the e, n axis bisects the quadrilateral and the equations are ordered
according to the gridpoint numbering noted in Figure A.2. Substitution of
equation A.2 into A.1 for a specific set of {x;} and evaluating the equation
over the Timits of & and n (-1 to 1) yieldS a biquadratic approximation
to x over the subdomain. Accuracy of the values of x; are dependent upon
the ability of the shape functions to approximate the physical geometry. A
curvature which is exactly biquadratic,for instance, will be interpolated
exactly using equation A.2. Note in Figure A.2b that the side located grid
points lie at exactly midside, by definition. The side nodes in Figure A.2a,
however, need not be at exactly mid-side since it is not required in the

definition of {Q}. Movement of the specification of the side nodes in the

physical plane, therefore, allows for a smoothly varying distribution of
generated data over the subdomain as illustrated in Figure A.1. The coor-
dinate transformation is of the serendipity family and can yield non-unique
distributions if excessive skewing of the mid-side node is attempted; there-
fore, care must be taken when applying the method as in Figure A.1, where
regions of highly refined grid are necessary along the airfoil surface.

Each of the subdomains of which the entire solution domain is composed
may be treated independently if the data generated along subdomain boundaries
is identical for each subdomain. This requires that inter-subdomain boun-
daries share the same gridpoints and that (e,n) be independent along the sub-
domain interfaces. To illustrate that this is indeed the case, consider the
two coincident subdomains of Fig. A.3

Along the common boundary (3,4,7), and (4,1,8),

n = C 1.0

-1.0

€2=C
and evaluating equation (2) with these constraints yields:

Q = L% (e + €2), %&(-e + €2), (1 - €2) (A. 3)

Q = L% (-n + n2), %(n + n?), (1 - n?) (A. 4)

And since g,= -n, along the boundary, equation (A.3) becomes

Q=1L%(-n+n2), %(n +n2), (1 -n?) (A. 5)
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Fig. A.3 Two adjacent subdomains

which is identical to equation (A.4). Other boundary combinations and the tri-
angular shaped subdomain can be shown to yield similar results. Three-
dimensional subdomains have surface interfaces and similar equations can be
derived as above where the equivalent of equation (A.5) contains functional
expressions for a planar surface. This demonstrated generality, therefore,
completely eliminates any requirements for specifying the subdomains in a
particular order and numbering may begin at any vertex.

It is impossible to encompass the entire spectrum of geometric shape and
refinement requirements within a few subdomain types. The completeness of
a data refinement scheme, therefore, requires that addition to its geometric
flexibility be open ended. Utilizing the subdomain method, special subdomain
functions may be developed and inserted directly into the system. An example
of this is a telescoping quadrilateral having quadratic interpolation. The
purpose of this special function is to provide a means for increasing or de-
creasing the number of generated triangular elements when progressing from
one end of a subdomain to another. Fig. A.4 illustrates the effect for a
quadrilateral expanding from three elements per side to six elements per side.
This subdomain has proven very useful for flows having small areas of high
velocity gradient where a very fine mesh is required relative to the overall
flowfield mesh size, and windowing-in is not practical. Fig. A.5 illustrates
such a case where vortex generation at a wing tip is to be computed. Very
high velocity gradients occur in the immediate area of the tip and decay
rapidly. Utilizing the telescoping subdomain, the grid size is reduced from
six elements per side in the tip region to two elements per side where an
infinite boundary condition was applied and 64 elements were eliminated from
the computational domain.

The interpolation functions described above are used to distribute the
gridpoint data over each subdomain. Combining the subdomains to form the
complete discretization, however, poses the problem of having duplicate sets
of data along the interconnecting boundaries. Removal of the duplication is
accomplished through the construction of a subdomain connection table from
the specified data and interrogating it from an algorithm which operates over
the subdomain boundaries. Table A.1 illustrates the connection table for the
first four sub-domains of Fig. A.1. The storage requirements for the table
are 2z(no. of subdomain sides).
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TABLE A.1 Subdomain Connection Table for Joukowski Airfoil. (First 4 Subdomains)

Subdomain | Side | Subdomain | Side
1 1 10 3
1 2 0 0
1 3 2 1
1 4 0 0
2 1 1 3
2 2 0 0
2 3 3 1
2 4 0 0
3 1 2 3
3 2 0 0
3 3 4 1
3 4 0 0
4 1 3 3
4 2 0 0
4 3 5 1
4 4 0 0

Note that the first two columns need not be stored since they are sequential.
For the solution domain of Fig. A.l, therefore, only eighty words of storage
are required to administrate boundary duplication elimination. The algorithm
proceeds subdomain by subdomain, first generating a sequence of local

(dummy) node numbers, then interrogating the connection table to determine

if any sides are connected to any other subdomain. Upon finding one which

is of Tower number it retrieves the local boundary node numbers for that sub-
domain and substitutes them for the coincident set into the proper locations.
Simultaneously, the duplicate generated variable set at the boundary is elim-
inated. The finite element connection table is subsequently formed for aill
generated elements in the subdomain and sequential global node numbering is
substituted in a simple Toop at the end. The connection table is also use-
ful for Tocating external boundaries since they appear as zeros in the table.
Note in the above scheme that only the sub-domain data was manipulated to
sequence the generated data thus maintaining higher efficiency of the algorithm.
Also, storage requirements are minimized by requiring operation on not more
than two subdomains simultaneously, hence the data for a large problem could
be generated interactively on a minicomputer or small time sharing system
utilizing disk or tape intermediate storage. An especially useful feature of
such a method when combined with a graphics package and a video (CRT) terminal
is ability to interactively modify and debug data decks. The above scheme is
very efficient and generated data for 24 variables over 10 nodes/CPU sec on
an IBM 360-65-

The methodology described above requires a problem description made up
of gridpoint coordinate and parametric data and also a Tist of gridpoint
numbers on each subdomain. It has been found useful in aerodynamics to further
automate data specification due to the overall similarity of the airfoil flow
domains encountered. The flow domain of interest for single element airfoils
is generally as shown in Fig. A.1 with variations in shape of the boundary
which is small compared to the overall flow domain size. The subdomain data,
therefore, is program set except for specification of airfoil and wake
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coordinates. These coordinates are input in the form of a user supplied
subroutine and interpolated using cubic splines to obtain coordinates at the
subregion vertices The side nodes between the airfoil and in infinite boundary
are automatically relocated as a function of the airfoil thickness to provide

a consistant element size along the airfoil surface. Where the subroutine

can be made sufficiently general to include coordinates as a function of maxi-
mum thickness ratio, etc., such as for the Karmann-Trefftz series, a wide range
of shapes may be analyzed by simply respecifying the key parameters such as
thickness ratio, camber, trailing edge thickness, etc. Iterative viscous-
inviscid solutions are achieved by automatically adding the boundary layer and
wake thickness from the viscous solution to the basic airfoil shape and pro-
ceeding through a new Cp solution. Details on using the discretizer are given
in the computer program users' manual (ref. 23).
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